FRAGMENTED DEFORMATIONS OF PRIMITIVE MULTIPLE CURVES 



JEAN-MARC DREZET 



Resume. A primitive multiple curve is a Cohen-Macaulay irreducible projective curve Y that 
can be locally embedded in a smooth surface, and such that Yred is smooth. 

The subject of this paper is the study of deformations of Y in curves with smooth irreducible 
components, when the number of components is maximal (it is then the multiplicity n ofY). 

We are particularly interested in deformations in n disjoint smooth irreducible components, 
which are called fragmented deformations. We describe them completely. We give also a 
characterization of primitive multiple curves having a fragmented deformation. 
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1. Introduction 

A primitive multiple curve is an algebraic variety Y over C wich is Cohen-Macaulay, such that 
the induced reduced variety C = Yred is a smooth projective irreducible curve, and that every 
closed point of Y has a neighbourhood that can be embedded in a smooth surface. These curves 
have been defined and studied by C. Banica and O. Forster in [1]. The simplest examples are 
infinitesimal neighbourhoods of projective smooth curves embedded in a smooth surface (but 
most primitive multiple curves cannot be globally embedded in smooth surfaces, cf. [2], theorem 
7.1). 

Les F be a primitive multiple curve with associated reduced curve C, and suppose that Y C. 
Let Ic be the ideal sheaf of C in Y. The multiplicity of Y is the smallest integer n such that 
= 0. We have then a filtration 

C = CiCC2C---CCn=Y 
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where Cj is the subscheme corresponding to the ideal sheaf and is a primitive multiple curve 
of multiplicity i. The sheaf L = Xc/J^ is a line bundle on C, called the line bundle on C 
associated to Y. 

1.1. History and motivation - The deformations of double (i.e. of multiplicity 2) primitive 
multiple curves (also called ribbons) in smooth projective curves have been studied in [14] . In 
this paper we are interested in deformations of primitive multiple curves Y of any multiplicity 
n > 2 in reduced curves having exactly n components which are smooth (n is the maximal 
number of components of deformations of Y). In this case the number of intersection points of 
two components is exactly — deg(L). We give some results in the general case (no assumption 
on deg(L)) and treat more precisely the case deg(L) = 0, i.e. deformations of Y in curves 
having exactly n disjoint irreducible components. 

Let TT : C — 7- 5 be a flat projective morphism of algebraic varieties, P a closed point of 5* such 
that 7i^^{P) ~ Y, Oc{l) a very ample line bundle on C and P a polynomial in one variable 
with rational coefficients. Let 

r : MociDiP) S 

be the corresponding relative moduli space of semi-stable sheaves (parametrizing the semi- 
stables sheaves on the fibers of vr with Hilbert polynomial P with respect to the restriction 
of Oc{l), cf. [20]). In general r is not fiat (some other examples on non fiat relative moduli 
spaces are given in [H]). For example, if the family C contains smooth fibers, it is impossible 
to deform the stable sheaf Oc on Y in sheaves on the smooth fibers. I conjecture that r is fiat 
if all the fibers of r are reduced with exactly n components. The reason is that the generic 
structure of torsion free sheaves on Y (cf. [8]) is more complicated that on smooth curves, and 
is somehow similar to the generic structure of torsion free sheaves on reducible reduced curves 

(cf. m, m)- 

1.2. Maximal reducible deformations - Let {S,P) be a germ of smooth curve. Let y be a 
primitive multiple curve of multiplicity n >2 and A; > an integer. Let vr : C — S" be a fiat 
morphism, where C is a reduced algebraic variety, such that 

- For every closed point s G S" such that s P, the fiber Cg has k irreducible components, 
which are smooth and transverse, and any three of these components have no common 
point. 

- The fiber Cp is isomorphic to Y. 

We show that by making a change of variable, i.e. by considering a suitable germ (5", P') and 
a non constant morphism r : S" — ?■ 5*, and replacing vr with 7r*C — ?■ S', we can suppose that 
C has exactly k irreducible components, inducing on every fiber Cg, s ^ P the k irreducible 
components of Cg. In this case vr is called a reducible deformation ofY of length k. 

We show that k < n. We say that vr (or C) is a maximal reducible deformation of Y if k = n. 

Suppose that vr is a maximal reducible deformation of Y. We show that if C is the union of 
i > irreducible components of C, and vr' : C — ?■ 5* is the restriction of vr, then 7r'~^(P) ~ Cj, 
and tt' is a maximal reducible deformation of Cj. Let s G S'\{P}. We prove that the irreducible 
components of Cg have the same genus as C. Moreover, if Di,D2 are distinct irreducible 
components of Cg, then Di fl D2 consists of — deg(L) points. 
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1.3. Fragmented deformations (definition) - Let F be a primitive multiple curve of multiplicity 
n > 2 and tt : C — t- 5 a maximal reducible deformation of y. We call it a fragmented deformation 
ofY if deg(L) = 0, i.e. if for every s G SyjP}, Cg is the disjoint union of n smooth curves. In 
this case C has n irreducible components Ci, . . . , C„ which are smooth surfaces. 

The variety C appears as a particular case of a glueing of Ci, . . . ,Cn along C (cf. I4.1.5p . We 
prove (proposition I4.1.5P that such a glueing D is a fragmented deformation of a primitive 
multiple curve if and only if every closed point in C has a neighbourhood in P that can be 
embedded in a smooth variety of dimension 3. The simplest glueing is the trivial or initial 
glueing A.. An open subset U of A. (and C) is given by open subsets t/i, ...,[/„ of Ci, C„ 
respectively, having the same intersection with C, and 

Oa{U) = {{ai,...,an)eOc,{UnCi)x---OcAUnCny,a,\c = --- = an\c}, 
and Oc{U) appears as a subalgebra of C^(f/), hence we have a canonical morphism A — )■ C 

We can view elements of Oc{U) as n-tuples (ai, . . . , a„), with ctj G Oci{U fl Ci). In particular 
we can write vr = (tti, . . . , 7r„). 

1.4. A simple analogy - Consider n copies of C glued at 0. Two extreme examples appear : 
the trivial glueing Aq (the set of coordinate lines in C"), and a set Co of n lines in C^. We can 
easily construct a bijective morphism ^ : Ao Cq sending each coordinate line to a line in the 
plane 





z 

/y 


/ ^ / \ 













But the two schemes are of course not isomorphic : the maximal ideal of in Aq needs n 
generators, but 2 are enough for the maximal ideal of in Cq. 
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Let TTcg : Co —7- C be a morphism sending each component linearly onto C, and 

71" A) — ^Cf) ° ^ '■ C. The difference of and Cq can be also seen by using the fibers of 

: we have 

7r^,^(0) ~ spec(C[t]/(r)) and 71^^(0) ~ spec(C[ti, . . . . . . ,t„)') . 

Let V a general glueing of n copies of C at 0, such that there exists a morphism tt : D — )■ C 
inducing the identity on each copy of C. It is easy to see that we have vr~^(0) ~ spec(C[t]/(t")) 
if and only if some neighbourhood of in P can be embedded in a smooth surface. 

1.5. Fragmented deformations (main properties) - Let tt : C — )■ S" be a fragmented deformation 
of F = Cn- Let / C {1, . . . , n} be a proper subset, P its complement, and Cj G C the subscheme 
union of the Ci,i G /. We prove (theorem 14.3 .Tp that the ideal sheaf Xci of Cj is isomorphic to 

In particular, the ideal sheaf Xq,. of Cj is generated by a single regular function on C. We show 
that we can find such a generator such that for 1 < j < j ^ i, its j-th coordinate can be 
written as avrj, with p > and a G H^{Os) such that a(-P) 7^ 0. We can then suppose that 
a = 1, and the generator can be written as 

with 

Ui = 0, = a^^\^^ for m^i, a'if = 1. 

The constants a-™^ = a^-™^ G C have interesting properties (propositions I4.5.2| I4.4.6p . Let 
Pa = for 1 < i < n. The symmetric matrix {pij)i<i.j<n is called the spectrum of vr (or C). 

It follows also from the fact that Xq,. = (ujj) that F is a simple primitive multiple curve, i.e. 
the ideal sheaf of C in y = C„ is isomorphic to Oc„_i. Conversely, we show in theorem 14.7.11 
that if y is a simple primitive multiple curve, then there exists a fragmented deformation of Y. 

We give in 14.41 and 14.51 a way to construct fragmented deformations by induction on n. This is 
used later to prove statements on fragmented deformations by induction on n. 

1.6. n-stars and structure of fragmented deformations - A n-star of {S, P) is a glueing S of n 
copies of S at P, together with a morphism n : S S which is an identity on each copy of S. 
All the n-stars have the same underlying Zariski topological space S{n). 

A n-star is called oblate if some neighbourhood of P can be embedded in a smooth surface. 
This is the case if and only vr"^(0) ~ spec(C[t])/(t'^). 

Oblate n-stars are analogous to fragmented deformations and simpler. We provide a way to 
build oblate n-stars by induction on n. 

Let TT : C — 7- 5 be a fragmented deformation of Y = Cn- We associate to it an oblate n-star «S 
of 5* : for every open subset U of S{n), Os{U) is the set of (ai, . . . , a„) G Oc{U) such that 
ttj G OsiT^iiU n Cj)) for 1 < i < n. We obtain also a canonical morphism 

n : C ^ 5. 

We prove (theorem I5.6.2p that 11 is flat. Hence it is a flat family of smooth curves, with 
n~^(P) = C. The converse is also true, i.e. starting from an oblate n-star of S and a fiat 
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family of smooth curves parametrized by it, we obtain a fragmented deformation of a multiple 
primitive curve of multiplicity n. 

1.7. Fragmented deformations of double curves - Let F = C2 be a primitive double curve, C 



and Ci, C2 the irreducible components of C. For z = 1,2, g > 0, let be the infinitesimal 
neighbourhood of order g of C in Ci (defined by the ideal sheaf (vr?)). It is a primitive multiple 
curve of multiplicity q. 

It follows from l4.33] that Cf and are isomorphic, and Cf^^, C^^^ are two extensions of Cf in 
primitive multiple curves of multilicity p + 1. According to [6] these extensions are parametrized 
by an affine space with associated vector space H^{C,Tc) (where Tc is the tangent bundle of 
C). Let w G H\C,Tc) be the vector from Cf+^ to Cf+^ 

Similarly, the primitive double curves with associated smooth curve C such that Xc — Oc are 
parametrized by ¥{H^{C,Tc)) U {0} (cf. [2], [6J). 

We prove in theorem 16.0.51 that the point of P(-?f^(C, Tc)) U {0} corresponding to C2 is Cw. 

1.8. Notation: Let X be an algebraic variety and Y G X a closed subvariety. We will denote 
by Xy,x (or Xy if there is no risk of confusion) the ideal sheaf of F in X. 



2.1. Local embeddings in smooth varieties 

2.1.1. Proposition: Let X be an algebraic variety, x a closed point of X and n a positive 
integer. Then the two following properties are equivalent: 

(i) There exists a neighbourhood U of x and an embedding U G Z in a smooth variety of 
dimension n. 

(ii) The Ox,x-'<^odule mx,x (maximal ideal of x) can be generated by n elements. 

(iii) We have d\mc{jnx,xl'^\ x) — 

Proof. It is obvious that (i) implies (ii), and (ii),(iii) are equivalent according to Nakayama's 
lemma. It remains to prove that (iii) implies (i). 

Suppose that (iii) is true. There exists an integer N and an embedding X G Pat. Let Xx be 
the ideal sheaf of X in P^r. Let p be the biggest integer such that there exists /i, ■ ■ ■ , /p G Xx,x 
whose images in the C- vector space fn^j^^^/rri^^^^ are linearly independant. Then we have 



its associated smooth curve, vr : C — )■ a fragmented deformation of Y, of spectrum 




2. Preliminaries 



Tx,x C (/i,--- ,fp) + ml^^^. 
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In fact, let / G Tx,x- Since p is maximal, the image of / in m^^^x/'^Wi^ x linear combination 
of those of /i, • • • , fn- Hence we can write 

p 

f = Y1 ^'-f' + ^' ^^^^ Aj e C, g e mp^^^ , 

and our assertion is proved. It follows that we have a surjective morphism 

a : Ox,x/mj^^^ Op^,^/ ((/i, ■ ■ ■ , fp) + m^^^^) . 

We have 

dimc(Cx,xMx,^) < n + 1, dime (Cp^,x/((/i, • • • , /p) + "^p^,x)) = - P + 1 • 
Hence A^ — p+l<n+l, i.e. p > N — n. We can take for Z a neighbourhood of x in the 
subvariety of P^v defined by /i, ■ ■ ■ , /Ar_„, which is smooth at x. □ 



2.2. Flat families of coherent sheaves 

Let {S, P) be a smooth germ of curve and t e Os,p a generator of the maximal ideal. Let 
TT : X — J- S* be a flat morphism. If £^ is a coherent sheaf on X, £ is flat on at x G tt~^{P) 
if and only if the multiplication hy t : £x ^ 8x is injective. In particular the multiplication by 
t : Ox ^ Ox 'is injective. 

2.2.1. Lemma: Let 8 he a coherent sheaf on X flat on S. Then, for every open subset U of 
X, the restriction E{U) — > E{U\k''^{P)) is injective. 

Proof. Let s e £{U) whose restriction to U\n^^{P) vanishes. We must show that s = 0. 
By covering U with smaller open subsets we can suppose that U is affine: U = spec (A). 

Hence U\7r~^{P) = spcc(At). Let M = £{U), it is an A-module. We have £\u = M and 
£{U\k~^{P)) = Mf. Hence if the restriction of s to U\7r~^{P) vanishes, there exists an integer 
n > such that t"s = 0. Since the multiplication by t is injective (because £ is flat on S), we 
have s — 0. □ 



Let £ be a coherent sheaf on X flat on S. Let J-" C £\x\7t-'^(p) be a subsheaf. For every open sub- 
set U of X we denote by T{U) the subset of J^{U\7r~^{P)) of elements that can be extended to 
sections of£ onU. UV CU is an open subset, the restriction T{U\7r~^{P)) — >■ J^{V\7r~^{P)) 
induces a morphism T{U) — > -FiV) . 

2.2.2. Proposition: is a subsheaf of £, and £ jT is flat on S. 

Proof. To prove the first assertion, we must show that if U is an open subset of X and {Uiji^i 
is an open cover of C/, then 

(i) If s G J-{U) is such that for every i we have s\Ui = 0, then s = 0. 

(ii) For every i G / let Sj G J^{U,i). Then if for all i, j we have = ^j\Uij then there 
exists s G J^iU) such that for every i & I we have s\Ui = Si- 
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This follows easily from lemma I2.2.1I 

Now we prove that £ / T is fiat on S. Let x G 7r^^(P) and u G {£ /T)x such that tu = 0. We 
must show that u = 0. Let v & £x over u. Then we have tv G J-"^. Let ?7 be a neighbourhood of 
X such that tv comes from w G J^{U). This means that w\u\t,-i(^p) G J-'(f/\7r^-'^(P)). Since t is 
invertible on U\k~^{P) we can write w = tw' , with lu' G J^{U\n^^{P)). We have then w' = v 
on f/\7r~^(P). Hence f G J-'a; and u = 0. □ 



2.3. Primitive multiple curves 

(cf. 0, m- 

Let C be a smooth connected projective curve. A multiple curve with support C is a Cohen- 
Macaulay scheme Y such that Yred = C. 

Let n be the smallest integer such that Y = C^^~^\ (^C^-i) being the fc-th infinitesimal neigh- 
bourhood of C, i.e. Tfjik-i) = Xq . We have a filtration C = Ci C C2 C ■ ■ ■ C Cn = Y where 
Ci is the biggest Cohen-Macaulay subscheme contained in F fl C^^~^\ We call n the multiplicity 
of F. 

We say that Y is primitive if, for every closed point x of C, there exists a smooth surface S, 
containing a neighbourhood of x in y as a locally closed subvariety. In this case, L = Xcjl-c^ 
is a line bundle on C and we have Xc^ = Xj^, XcjXc^j^^ = for 1 < j < n. We call L the line 
bundle on C associated to F. Let P & C. Then there exists elements y, t of ^5 p (the maximal 
ideal of Os,p) whose images in ms^p/rri^s p form a basis, and such that for 1 < i < n we have 
^Q,p = if) . 

The simplest case is when Y is contained in a smooth surface S. Suppose that Y has multiplicity 
n. Let P & C and / G Os,p a local equation of C . Then we have Xc-^p = (/*) for 1 < j < n, 
in particular ly^p = (/"), and L = Oc{—C) . 

We will note On = Oc„ and we will see Oi as a coherent sheaf on C„ with schematic support 
Cj if 1 < i < ra. 

If £ is a coherent sheaf on Y one defines its generalized rank R{£) and generalized degree Deg{£) 
(cf. [8], 3-). Let Oy(l) be a very ample line bundle on Y. Then the Hilbert polynomial of £ is 

Pe{m) = Ri£)deg{Oc{l))m + Deg{£) + R{£){l-g) 

(where g is the genus of C). 

We deduce from proposition I2.L11 

2.3.1. Proposition: Let Y be a multiple curve with support C . Then Y is a primitive multiple 
curve if and only ifXc/X^ is zero, or a line bundle on C . 

2.3.2. Parametrization of double curves - In the case of double curves, D. Bayer and D. Eisen- 
bud have obtained in |2] the following classification: if Y is of multiplicity 2, we have an exact 
sequence of vector bundles on C 

— 7- L — > VLy\c — > — > 
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which is spht if and only if Y is the trivial curve, i.e. the second infinitesimal neighbourhood of 
C, embedded by the zero section in the dual bundle L*, seen as a surface. If Y is not trivial, it 
is completely determined by the line of ExtQ^{uc, L) induced by the preceding exact sequence. 
The non trivial primitive curves of multiplicity 2 and of associated line bundle L are therefore 
parametrized by the projective space P(Ext0 (wcL)). 



2.4. Simple primitive multiple curves 

Let C be a smooth projective irreducible curve, n > 2 an integer and C„ a primitive multiple 
curve of multiplicity n and associated reduced curve C . Then the ideal sheaf Xc of C in Cn is 
a line bundle on C„_i. 

We say that C„ is simple si Xc — C„_i. 

In this case the line bundle on C associated to C„ is Oc- The following result is proved in [TO] 
(theoreme 1.2.1): 

2.4.1. Theorem: Suppose that Cn is simple. Then there exists a flat family of smooth 
projective curves r : C — ?■ C such that t~^{Q) ~ C and that Cn is isomorphic to the n-th 
infinitesimal neighbourhood of C in C. 



3. Reducible reduced deformations of primitive multiples curves 
3.1. Connected Components 

Let {S, P) be a germ of smooth curve and t G Os.p a generator of the maximal ideal. Let n > 
be an integer and y = C„ a projective primitive multiple curve of multiplicity n. 

Let /c > be an integer. Let vr : C — )■ S* be a flat morphism, where C is a reduced algebraic 
variety, such that 

- For every closed point s G S* such that s ^ P, the fiber Cg has k irreducible components, 
which are smooth and transverse, and any three of these components have no common 
point. 

- The fiber Cp is isomorphic to Cn- 

It is easy to see that the irreducible components of C are reduced surfaces. 

Let Z be the open subset of C\Cp of points z belonging to only one irreducible component of 
C-n-(2). Then the restriction of tt : Z — t- S'\{P} is a smooth morphism. For every s G S'\{P}, let 
C'^ = Cs n Z. It is the open subset of smooth points of Cg- 

Let z E Z and s = niz). There exists a neighbourhood (for the usual topology) U of s, iso- 
morphic to C, and a neighbourhood V of z such that V ~ C^, vr(K) = U, the restriction of 



FRAGMENTED DEFORMATIONS 



9 



71 : V ^ U being the projection — )■ C on the first factor. We deduce easily from that the 
following facts: 

- let s G 5'\{P} and Ci an irreducible component of Cs- Let zi, 2:2 G Ci fl Z. Then there 
exists neighbourhoods (in Z, for the usual topology) Ui, U2 of zi, Z2 respectively, such 
that if Hi G f/i, 1/2 £ U2 are such that r^iyi) = vr(?/2), then yi and 1/2 belong to the same 
irreducible component of 

- for every continuous map a : [0, 1] — ?► S'\{P} and every z ^ Z such that cr(0) = 71(2;) 
there exists a lifting of a, a' : [0, 1] — t- Z such that o"'(0) = z. Moreover, if 
a" : [0, 1] — 7- Z is another lifting of a such that cr"(0) = 2;, then cr'(l) and cr"(l) are 
in the same irreducible component of Co-(i). More generally, if we only impose that 
cr"(0) is in the same irreducible component of Ca{o) as z, then cr'(l) and are in the 
same irreducible component of Ccr(i). 

3.1.1. Lemma: Let ctq, ai : [0,1] — > SyiP} be two continuous maps such that 

c"o(0) = o"i(0), s = cro(l) = Suppose that they are homotopic. Let ctq, a'^ he liftings 

[0,1] Z of (To, cTi respectively, such that crQ(O) = o"J(0). Then a'^il) and belong to 

the same irreducible component ofC'^. 

Proof. Let 

^ : [0, 1] X [0, 1] S\{P} 

be an homotopy: 

^(0,t) = (To(t), ^(l,t) = ai(t), ^(t,0) = ao(0), ^(t, 1) = ao(l) 

for < t < 1. For every u G [0, 1] and e > let Iu,e = [u — e,u + e] H [0, 1]. By using the local 
structure of n\z for the usual topology it is easy to see that for every u G [0, 1], there exists an 
e > such that the restriction of \E' 

Iu,e X [0, 1] S\{P} 

can be lifted to a morphism 

^' : A,, X [0, 1]^Z 

such that "^'(t, 0) = crQ(O) for every t G Iu,e- It follows that if Iu,e = [««,£, ^u.e], then ^^'(0^ 1) 
and \E''(6„,e, 1) are in the same irreducible component of Now we have just to cover [0, 1] 

with a finite number of intervals Iu,e to obtain the result. □ 

Let s G S'\{P}, Di, . . . , be the irreducible components of C'^ and Xj G -Dj for 1 < i < k. Let 
cr be a loop of S'\{P} with origin s, defining a generator of '7ri(S'\{P}). Let i be an integer such 
that 1 < i < k. The liftings a' : [0, 1] — t- Z of a such that cr'(O) = Xi end up at a component Dj 
which does not depend on Xj. Hence we can write 

j = acii)- 

3.1.2. Lemma: ac is a permutation of {1, . . . , k} . 



Proof. Suppose that i j and ac{i) = ac(j)- By inverting the paths we find liftings of paths 
from Dd^i^i) to and Dj. This contradicts lemma 13.1.11 □ 
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Let p > be an integer such that = I^i^...^k}- Let t be a generator of the maximal ideal of 
Os,p, K the field of rational functions on 5* and K' = K{t^/^). Let S' be the germ of curve 
corresponding to K' , 6 : S' ^ S canonical the morphism and P' the unique point of 6^^{P). 
Let V = 9*{C). We have therefore a cartesian diagram 







e 




C " 





where p is flat, and for every s' G S', Q induces an isomorphism P^/ ~ Cg(^s')- We have 

av = I{i,...,k} ■ 

Let Z' G V he the complement of the union of p~^{P') and of the singular points of the curves 
Vs', s' ^ P' (hence Z' = Q-^Z)). 

3.1.3. Proposition: The open subset Z' has exactly k irreducible components Z[, . . . , Z^. Let 

Z[, . . . , Z'f^ be their closures in V. Then for every s' e S'\{P'}, the Z[ n V^i , I < i < k, are the 
irreducible components ofVgi minus the intersection points with the other components, and the 
Z[P[Vs' are the irreducible components ofVg'. 

3.1.4. Definition: Let k > be an integer. We call reducible deformation of length k of Cn 

a flat morphism tt : C — ?■ 5*, where C is a reduced algebraic variety, such that 

- For every closed point s & S , s ^ P , the fiber Cg has k irreducible components, which 
are smooth and transverse, and any three of these components have no common point. 

- The fiber Cp is isomorphic to Cn- 

- We have ac = I{i,...,k}- 



3.2. Maximal reducible deformations 

Let {S, P) be a germ of smooth curve and t G Os.p a generator of the maximal ideal. Let 
n > be an integer and F = C„ a projective primitive multiple curve of multiplicity n, with 
underlying smooth curve C. We note g the genus of C and L the line bundle on C associated 
to Cn- 

Let TT : C — )■ S" be a reducible deformation of length k of C„. Let Zi, . . . , Zj^ be the closed 
subvarieties of 7r~^(S'\{P}) such that for every s G SyjP}, Zis, . . . , Z^s are the irreducible 
components of Cg (cf. prop. I3.1.3p . 

For 1 < i < k, we denote by J7i the ideal sheaf of Zi U ■ ■ ■ U Zi in 7r^^(5'\{P}). This sheaf is 
flat on S'\{P}, and we have 

= Jk C Jk-i C ■ ■ ■ C i7i C Ot,-i(^s\{p}) ■ 

The quotients 0^-i(^s\{p})/ J'lj J'i/J'i+i, I < i < k, are also fiat on S'\{P}. We obtain the 
filtration of sheaves on C 

= Jfe c J^i C ■■■ cTiCOc . 
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(cf. \2.2\j . According to proposition I2.2.2l the quotients Ocj J\ and Jij Ji+i, I < i < n, are flat on 
S. We have 07r-i(5\{p})/j7i = Ozi- We denote by Xj the closed subvariety of C corresponding 
to the ideal sheaf J7i. 

Similarly we consider the ideal sheaf J'- of Zj+i U • ■ ■ U on 7r^^(S'\{P}), the associated 
ideal sheaf J'- on C and the corresponding subvariety X^. 

3.2.1. Proposition: We have k < n . 

Proof. Let Eq = Ocj J\ and Ei = J'i/J'i+i for 1 < i < n. The sheaves Sip are not concentrated 
on a finite number of points. To see this we use a very ample line bundle 0{1) on C. The 
Hilbert polynomial of Sip is the same as that of Sis, s ^ P, hence it is not constant. So we 
have R{Si) > 1 (cf. 12. 3p . and since 

k 

(1) n = R{OcJ =$^i?(^:.p) , 

i=0 

we have k < n. □ 

3.2.2. Definition: We say that it (ouC) is a maximal reducible deformation o/C„ if k = n. 

3.2.3. Theorem: Suppose that C is a maximal reducible deformation of Cn- Then we have, 
for 1 < i < n 

Ji,P = ^Ci,C„ 

and Xj is a maximal reducible deformation of Ci. 
Proof. Let Oc(l) be a very ample line bundle on C. 

Let Q be a closed point of C. Let z G 0„,q be an equation of C and x G On,Q over a generator 
of the maximal ideal of Q in Oc,q- Let z, x G Oc,q be over z, x respectively. The maximal ideal 
of OnQ is {x,z). The maximal ideal of Cc,q is generated by z,x, t. It follows from proposition 
12.1.11 that there exists a neighbourhood f/ of Q in C and an embedding j : f/ — )■ P3. We can 
assume that the restriction of j to Zi fl f/ is induced by the morphism : C[X, Z, T] — >• Oyi^q 
of C-algebras which associates x, z, t to X, Z, T respectively. 

Since C is reduced, U is an open subset of a reduced hypersurface of P3 having n irreducible com- 
ponents, corresponding to Zi, . . . , It is then clear that Xj, beeing the smallest subscheme 
of C containing Zi\C, . . . , Zi\C, is the union in U of the first i hypersurface components. 

Since j{Zi) is an hypersurface, the kernel of is a principal ideal generated by the equation F 
of the image of Zi. 

Recall that C„ = Oc„ = (Cc)p- We have R{On/Ji',p) = 1 according to 1^. Hence there 
exists a nonempty open subset V of C„ such that (C„/j7i,p)|^ is a line bundle on V nC. It 

follows that the projection On — )■ Oc vanishes on J7i,p|y. Since Oc is torsion free this projection 
vanishes everywhere on J'l, i.e. jTip C T^c,Cn, with equality on V. 

The sheaf Sq = Ocj J\ is the structural sheaf of Zx, and the projection Zi — )■ 5 is a fiat mor- 
phism. For every s G S'\{P}, {Z\)s is a smooth curve. The fiber {Z\) p consists of C and a finite 
number of embedded points. There exists fiat families of curves whose general fiber is smooth 
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and the special fiber consists of an integral curve and some embedded points (cf. |T5], III, 
Example 9.8.4). We will show that this cannot happen in our case, i.e. we have J\p = Ic,c„- 

Let m = {X,Z,T) C C[X, Z,T], and mz^ the maximal ideal of q. The ideal of {Zi)p in 
On,Q contains z'^ and x^z (for suitable minimal integers p > 0,q > 0), with p > if and only 
if Q is an embedded point. Hence the ideal of Zi in Oc,q contains elements of type x^z — ta, 
z<? - tf3, with a,/3e Oc,Q. 

Let O-^^ Q be the completion of with respect to m^^ and 

^■.CiiX,Z,T))^0^ 

the morphism deduced from (p. We can also see as the completion with respect to 

{X,Z,T) of O-^iQ seen as a C[X, Z, T]-module. It follows that ker(0) = {F) (cf. [TT], lemma 
7.15). Note that is surjective (this is why we use completions). Let Q:,/3 G C((X, "K, Z)) be 
such that 0(q:) = a, 0(/3) = /3. So we have 

X^Z - TcK, Z^-T/S e ker(0) . 

Hence there exists A,B e C((X, Z, T)) such that X^Z -Tcx = AF, Z^ -Tf3 = BF. We can 
write in an unique way 

A = Ao + TAu B = Bo + TBi, F = Fq + TF,, 
with Ao, Bo, Fo G C((X, Z)) and Ai, fii, Fi G C((X, Z, T)), and we have 

AoFo = X^Z, BoFo = Z'^ . 
Since F is not invertible, it follows that Fq is of the form Fq = cZ, with c G C((X, Z, T)) 
invertible. So we have F = cZ + TFi. It follows that z G (t) in C^^q- This implies that this 
is also true in q : in fact the assertion in q implies that 

z G fl(W + mzJ 

n>0 

in O-^ Q, and the latter is equal to (t) according to [H], vol. II, chap. VIII, theorem 9. Hence 
z G (t) in O-^ Q, i.e. p = and Q is not an embedded point. So there are no embedded points. 
This implies that J'lp = Xc,c„- Similarly, if Ij denotes the ideal sheaf of Zj for 1 < j < n, we 
have Ij^p = Tc,Cn- Since the restriction of vr : — > 5 is flat, the curves Ej^si s ^ P, have the 
same genus as C, and the same Hilbert polynomial with respect to Oc(l)- 

Now we show that X'^^ is a maximal reducible deformation of C„_i. We need only to show 
that X']^ p = Cn-i- As we have seen, for 2 < j < n, a local equation of Zj at any point Q & C 
induces a generator Uj of Xc,c„,q- Hence u = Y[2<j<n'^j ^ generator of Tc„-i,c„,q- But u = 
on X'^. It follows that X'j^ p C C„_i. But the Hilbert polynomial of Oc„_i is the same as that 
of the structural sheaves of the fibers of the flat morphism X'^ — )■ S over s ^ P, hence the same 
as C'x'^p- Hence ^[ p = C„-i. 

The theorem 13.2.31 is then easily proved by induction on n. □ 



3.2.4. Corollary : Let s G SyjP} and Di,D2 be two irreducible components ofCs- Then Di 
is of genus g and Di fl D2 consists of — deg(L) points. 
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Proof. According to theorem 13.2.31 there exists a flat family of smooth curves C parametrized 
by S such that Cp = C and Cg = Di. So the genus of Di is equal to that of C. 

Let us prove the second assertion. Again according to theorem 13. 2. 3l we can suppose that n = 2. 
We have then xi^s) = x(C'2) = 2x(C*) + deg(L). Let xi, . . . ,xn be the intersection points of 
Di and We have an exact sequence 

^ Od,{-xi xjv) Oc. Od, ^ 0. 

Whence xi^Cs) = x{Di) + x{D2) — N = 2x{Oc) — N (according to the first assertion). 
Whence A^ = -deg(L). □ 

3.2.5. It follows from the previous results that if tt : C — )■ S* is a maximal reducible deformation 
of Cn, then we have 

(i) deg(L) < . 

(ii) C has exactly n irreducible components Ci . . . , 

(iii) For I < i < n, the restriction of vr, VTj : Cj — )■ S* is a fiat morphism , and n~^{P) = C. 

(iv) For every nonempty subset / C {1, . . . , n}, let C/ be the union of the Ci such that i e /, 
and m the number of elements of /. Then the restriction of vr, ttj : C/ — )■ S" is a maximal 
reducible deformation of Cm- 

The following is immediate, and shows that we need only to consider maximal reducible defor- 
mations parametrized by a neighbourhood of in C: 

3.2.6. Proposition: Let t G Os{P) he a generator of the maximal ideal, and it : C ^ S a 
maximal reducible deformation of Cn- Let S' G S an open neighbourhood of P where t is defined 
and C = 7:~^{U), V = t{U). Then tc' = t o n : C ^ V is a maximal reducible deformation of 

Cn- 



4. Fragmented deformations of primitive multiple curves 

The fragmented deformations of primitive multiple curves are particular cases of reducible 
deformations. 

In this chapter (5", P) denotes a germ of smooth curve. Let t G Os,p be a generator of the 
maximal ideal of P. We can suppose that t is defined on the whole of S, and that the ideal 
sheaf of P in is generated by t. 

4.1. Fragmented deformations and glueing 

Let > be an integer and F = C„ a projective primitive multiple curve of multiplicity n. 

4.1.1. Definition: Let k > be an integer. A general fragmented deformation of length k 
of Cn is a flat morphism n : C ^ S such that for every point s ^ P of S, the fiber Cg is a 
disjoint union of k projective smooth irreducible curves, and such that Cp is isomorphic to Cn. 
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We have then k <n. If /c = n we say that vr (or C) is a general maximal fragmented deformation 
of Cn- We suppose in the sequel that it is the case. 

The hne bundle on C associated to C„ is Oc (by proposition 13.2.41) . 

Let p > be an integer. Let K be the field of rational functions on 5* and K' = K{t^/^). Let 
5" be the germ of curve corresponding to K\ 9 : S' S the canonical morphism and P' the 
unique point of 6~^{P). Let V = 6*{C). So we have a cartesian diagram 







e 




C " 





where p is flat, and for every s' G S', Q induces an isomorphism Vg/ ~ Ce(^s')- 

4.1.2. Proposition: For a suitable choice of p, T> has exactly n irreducible components 
T>i, . . . , and for every point s ^ P' of S' , Vis, ■ ■ ■ , T^ns o,re the irreducible components of 
T^s, for 1 < i < n the restriction of p: Vis S' is flat, and Dpi = Cn- 

(See proposition I3.1.3P 

4.1.3. Definition: A fragmented deformation of Cn is a general maximal fragmented defor- 
mation of length n of Cn having n irreducible components. 

We suppose in the sequel that C is a fragmented deformation of Cn, union of n irreducible 
components Ci, . . . , Cn- 

4.1.4. Proposition: Let / C {1, . . . , n} a nonempty subset having m elements- Let 
Cj = Ujg/Cj. Then the restriction of it, Cj — )■ 5*, is flat, and the fiber Cjp is canonically iso- 
morphic to Cm- 

(SeelMSD 

In particular there exists a filtration of ideal sheaves 

C Xi C ■ ■ ■ C X„_i C Oc 
such that for 1 < 2 < n and s G S'\{P}, Xis is the ideal sheaf of U'j^fijs, and that Xjp is that of 

Cn—i - 

4.1.5. Definition: For 1 < i < n, let it : Ci ^ S be a flat family of smooth projective irre- 
ducible curves, with a fixed isomorphism ii^^{P) c:^ C - A glueing of Ci, ■ ■ ■ ,C„ along C is an 
algebraic variety D such that 

- for 1 < i < n, Ci is isomorphic to a closed subvariety ofV, also denoted by Ci, and T> 
is the union of these subvarieties- 

- lJi<j<n(^A^) open subset ofV. 

- There exists a morphism n : V ^ S inducing TTj on Ci, for 1 < i < n. 

- The subvarieties C = -kI^^P) of Ci coincide in T>. 
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For example the previous fragmented deformation C of C„ is a glueing of Ci, ■ ■ ■ , C„ along C. 

All the glueings of Ci, ■ ■ ■ , C„ along C have the same underlying Zariski topological space. 

Let A. the initial glueing of the Ci along C . It is an algebraic variety whose points are the same 
as those of C, i.e. 

n 
i=l 

where ~ is the equivalence relation: if x & Ci and y & Cj, x ^ y if and only ii x = y, or if 
X e Cip c::^ C, y G Cjp ~ C and x = y in C. The structural sheaf is defined by : for every open 
subset U of A. 

Oa{U) = GOci(f/nCi) X ■■•Oc„(t/nC„);ai|c = --- = a„|c}. 

For every glueing "D of Ci, ■ ■ ■ , we have an obvious dominant morphism A — > P. If follows 
that the sheaf of rings Oxi can be seen as a subsheaf of O^. 

The fiber D = Aq is not a primitive multiple curve (if n > 2): if Xc,d denotes the ideal sheaf 
of C in D we have X^^^ = 0, and Xc,d ^ Cc ® . 

4.1.6. Proposition: Let T> he a glueing of Ci, ■ ■ ■ ,Cn- Then n~^{P) is a primitive multiple 
curve if and only if for every closed point x of C , there exists a neighbourhood of x in V that 
can be embedded in a smooth variety of dimension 3. 

Proof. Suppose that 7r"^(P) is a primitive multiple curve. Then Xc/{Xq + (vr)) is a principal 
module at x : suppose that the image of m G mx>,x is a generator. The module mxi^x/Xc is also 
principal (since it is the maximal ideal of x in C) : suppose that the image of f G mx)^x is a 
generator. Then the images of u,v,7i generate m-p ,j./m|,^, so according to proposition I2.1.H 
we can locally embed D in a smooth variety of dimension 3. 

Conversely, suppose that a neighbourhood of x G C in D is embedded in a smooth variety Z of 
dimension 3. The proof of the fact that 7r~^(P) is Cohen- Macaulay is similar to that of theorem 
3.2.3. We can suppose that vr is defined on Z. We have 7i\c-i = vti ^ m^^ ^, so tt ^ ^"z x- 
follows that the surface of Z defined by vr is smooth at x, and that we can locally embed 7r~^(P) 
in a smooth surface. Hence 7r~^{P) is a primitive multiple curve. □ 



4.2. Fragmented deformations of length 2 

Let TT : C — i- 5 be a fragmented deformation of C2. So C has two irreducible components Ci, C2. 
Let A be the glueing of Ci and C2 along C. For every open subset U of C, U is also an open 
subset of A and Oc{U) is a sub-algebra of C_4(t/). For i = 1, 2, let vTj : Cj — )■ S" be the restriction 
of TT. We will also denote t o tt by vr, and t o tTj by tTj. So we have vr = (tti, 7T2) G Oc{C). 

Let Zc be the ideal sheaf of C in C. Since C2 = n^^{P) we have C ((tti, H2)) . 

Let m > be an integer, x G C, ai G Cci,x, «2 ^ C)c2,x- We denote by [ai]m (resp. [02]™) the 
image of tti (resp. 02) in Cci,x/(7r") (resp. Oc^^x/ (t^T))- 

4.2.1. Proposition: 1 — There exists an unique integer p > such that Ic/ {{'^i,'^2)) is 
generated by the image o/(7r^,0). 
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2 — The image 0/ (0, TTg) generates Xc / {{t^ 1,1^2)) ■ 

3 — For every x E C , a & Oci,x and (3 G Oc2,x, we have (tTj'q;, 0) G Oc,x and (0, vrf/?) G Cc,a:- 

Proof. Let xgC and m = (ttiq;, 7r2/9) whose image is a generator of Xc7/((7ri, 712)) at x 
{Ic/ {{711,712)) is a locally free sheaf of rank 1 of Cc-modules). Let f3o G Oci,x be such that 
(/3o,/3) G Cc,a;- Then the image of 

u - (7ri,7r2)(/3o,/3) = (7ri(a - /3o),0) 
is also a generator of Ic/ ((tti, 712)) at x. We can write it (vr^A, 0), where A is not a multiple of 

TTi. 

Now we show that p is the smallest integer q such that (Xc/ {{711,712))) x contains the image of 
an element of the form (vr^/i, 0), with /i not divisible by tti. We can write 

(7r?yLi,0) = (Mi,M2)(7r[A,0) + K,f2)(vri,7r2) 

with {ui,U2), {vi,V2) G Oc^x- So we have f2 = 0, hence (^1,^2) G Zc,x- So we can write (^1,^2) 
as the sum of a multiple of (vr^'A, 0) and a multiple of (tti, n2). Finally we obtain (vr^/i, 0) as 

(7r^/i,0) = (Ml2,M22)(7riA,0) + (t;ii,0)(7ri,7r2)^ 

In the same way we see that (vr^/i, 0) can be written as 

(7r?/i,0) = {Uip,U2p){7l'iX,0) + {Vip,0){ni,7!-2)^, 

which implies immediately that q > p. 

It follows that p does not depend on x and that Ic/ {{7fi, 7^2)) is a subsheaf of 
(«,0))/(«+\0)) ~ Oc- Since Xc/((vri, 7r2)) is of degree by (by corollary [3231) it follows 
that Xc / {{7^1,7^2)) — ((tti, 0))/((7r5''''"^, 0)), from which we deduce assertion 1- of proposition 
14.2. 1[ The second assertion comes from the fact that (0, vrf) = vr^ — (vr^, 0). 

To prove the third, we use the fact that there exists a' G Oc2,x such that {a, a') G Oc,x (because 
Ci C C). Hence «,0)(a,a') = «a,0) G Oc,x- Similarly, we obtain that (0, 7rf/3) G Oc,x- □ 

According to the proof the proposition 14.2.11 for every x E C, p is the smallest integer q such 
that there exists an element of Oc,x of the form (yr^a, 0) (resp. (0, 7ila)), with a G Cci.x (resp. 
a G 0C2,x) not vanishing on C. 

Let X G C and ai G 0Ci,x- Since Ci C C there exists 0:2 G Cc2,2: such that (Q;i,a2) ^ C'cx- 
Let ^ ^C2,x such that (Q;i,a;2) G Cc,x- We have then (0,0:2 — Oi'^ G Cc,x- So there exists 
a G Cc2,a: such that 02 — 0^2 = vrfa. It follows that the image of 02 in ^C2,x/{7^2) is uniquely 
determined. Hence we have: 

4.2.2. Proposition: There exists a canonical isomorphism 

$ : C^P) _^ C^P) 

between the infinitesimal neighbourhoods of order p of Ci and C2 (i.e. Omp) = C^Ci/(^f)A ■^'^^/i 
that for every x EC, ai G Oci,x and 02 G Oc2,x, we have (01,02) G (9c,x ^/ and only if 
*x([ai]p) = Mp- -^or every o G Oci,x /iawe $x(a)|c = "|c, o'^f^ '^'z(7i"i) = 7r2. 
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The simplest case is p = 1. In this case $ : C — )■ C is the identity and C = A (the initial 
glueing) . 

4.2.3. Converse - Recall that A, denotes the initial glueing of Ci,C2 (cf. 14.1. 5p . Let 
$ : — )■ be an isomorphism inducing the identity on C and such that ^(vri) = tt2. 

We define a subsheaf of algebras W$ of O^: Uq> = on A\C , and for every point x of C 

U^,x = {(ai,a2) e Cci,x X Oc,,,x ] ^x{[<yi]p) = [a2]p} ■ 

It is easy to see that W$ is the structural sheaf of an algebraic variety that the inclu- 
sion W$ C Oji defines a dominant morphism A — )■ Aq, inducing an isomorphism between the 
underlying topological spaces (for the Zariski topology), and that the composed morphisms 
1, 2, are immersions. Moreover, the morphism it : A^ S factorizes through 

A<s, : 



A ^A^-^S 




and 7r$ : A<s, S is fiat. 

For 2 < i < p, let : ^ — be the isomorphism induced by $. 
4.2.4. Proposition: 7r^^(P) is a primitive double curve. 

Proof. Let a; be a closed point of C. We first show that I^^ C (tt). Let u = (vria, 112(3) G Tc,x- 
Let P' e Oc2,x be such that ^^{[a]p) = [(3']p. We have then v = {a, (3') G Cc,x- We have 
u-7rv = (0, !/r2(/3 - /?')) e Cc.x- Therefore [7r2(/3 - /3')]p = '^'^(O) = 0. Hence 
T^2{(3 — P') G (vTg). We can then write 

U = T[V + (0, T^2l)- 

Let G Xc,x, that can be written as u' = ttv' + (0, '/rf7'). We have then 

uu = vr. (ttot' + (0, 7r27')f + (0, 7r27)f ' + (0, 7r2^^"^77')) G (vr). 

It remains to show that Ic,x/ (tt) — Oc,x- We have 

Ic,x = {(TTitt, 7r2/3) G Oc,,x X Cc2,x; $x([vria]p) = [7i2l3]p} 

= {(vria, 712/3) G Oc„. x Oc„x; ^t'\Hp-i) = [P]p~i}, 
(vr)^ = {(7ria,7r2/3) G Cci,x x Oc^y, $x(Np) = [/3]p}. 

So if (7ria,7r2/3) G Xc,x', we have w = $x'(Hp) - [f3]p G (7rf""^)a-/(7r2)x - C'c,z- Hence we have 
a morphism of Cc,a;-niodules 

^ '■ ^c,x ^ Oc,x 

(ttiO;, 712/3) I w 

whose kernel is (tt)^.. We have now only to show that A is surjective, which follows from the 
fact that A«,0) = 1. □ 
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4.3. Spectrum of a fragmented deformation and ideals of sub-deformations 

Let TT : C — 7- S* be a fragmented deformation of C„, Ci, . . . ,Cn the irreducible components of C. 
For 1 < i < n, let vTj = 7r|c.. As in 14.21 we denote also t o tTj by tt,. Let / = {i,j} be a subset of 
{1, . . . , n}, with i ^ j- Then vr : C/ — t- 5* is a fragmented deformation of C2. According to 14.21 
there exists a unique integer p > such that Zcfii/i'^) is generated by the image of (vrf , 0) (and 
also by the image of (0, ttJ)). Recall that p is the smallest integer q such that Tc,Ci contains a 
non zero element of the form (vrl'A, 0) (or (0,7rJ/i)), with A|c 7^ (resp. fi\c 7^ 0). Let 

Pij Pji 

and Pa = for 1 < i < n. The symmetric matrix {Pij)i<i,j<n is called the spectrum of C. 

4.3.1. Generators of (I^ + (7r))/(I^^"'^ + (tt)) - Let z, j G {1, . . . ,n} be such that i 7^ j. Let 
a; G C. Since C C there exists an element Ujj = (um)i<m<n of Oc^x such that = and 
Uj = n^'\ According to proposition I4.1.4[ the image of Ujj generates Xc/{l!^ + (tt)) at x. 



According to proposition 14.2.11 and the fact that the image of Ujj generates 

1c,Cij,x/ iXcfi^^^x + l^))' every integer m such that m ^ i,j and that 1 < m < n, Um is of the 

form Um = oi(f''^^r^ 1 with a(f^ G Ccm.x invertible. Let a-*'' = and a^j'' = 1. 



4.3.2. Proposition: 1 — Oj-Ji^^ is a non zero constant, uniquely determined and independent 
ofx. 

2 — Let a^-J*^ = ct[j)^Q € C. Then we have, for all integers i,j, k, m, q such that 
1 < i,j,k,m,q <n,i^j,i^k 

In particular we have a.^^^ = aj-^^aj-^-* and a-™''a-^ = 1. 

Proof. Let u-^- having the same properties as Uj^. Then v = u-^- — Uj^ G 2^,^. + (tt). So the 
image of v in x belongs to l.'^Cim x + (^)- follows that the m-th component of v is a 
multiple of vr^'""''^. Hence ot'^^fj is uniquely determined. It follows that when x varies the Oif^\c 
can be glued together and define a global section of Oc-, which must be a constant. This proves 
1-. 

Now we prove 2-. There exists u G Oc,x such that the /c-th component of u is «ij , and u is 



invertible. Then the image of {v^) = — generates Xc/iX^ + (tt)), and = 1. Hence according 

(m 

'm\C - ^ik 



to 1-, we have Vmin = i-e 



We have the same equality with m instead of q, whence 2- is easily deduced. □ 



Let p an integer such that 1 < p < n, and (ii, ji), . . . , iip,jp) P pairs of distinct integers of 
{1, . . . , n}. Then the image of llm=i "imi™ is a generator of (I^ + (tt))/ (I^'^^ + (vt)). 
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Let / C {1, ■ ■ ■ , n} be a nonempty subset, distinct from {1, ■ ■ ■ , n}. Let i E {I, ■ ■ ■ , n}\I. 
Let 

3(^1 

Recall that Cj = Ujg/Cj C C. 

4.3.3. Proposition: The ideal sheaf of Cj is generated by u/^j atx. 

Proof. According to proposition 14.1.61 there exists an embedding of a neighbourhood of x in a 
smooth variety of dimension 3. In this variety each Ci is a smooth surface defined by a single 
equation. The ideal of the union of the Cj, z G / is the product of these equations. □ 

4.3.4. Proposition: Let i,j, k be distinct integers such that 1 < i, j, k < n. Then ifpij < Pjk, 
we have Pik = Pij . 

Proof. We can come down to the case n = 3 by considering C^ij^k}- We can suppose that 
P23 < P12 < P13, and we must show that P23 = pu- We have 

So 

U31 — vr U21 — yj, a^^ vTg , — ^21 ^3 j ^ '-^c,x- 

Taking the image of this element in Oc^^^x, we see that P23 > P12, hence P23 = Pi2- D 

4.3.5. Proposition: 1 — Let i, j be distinct integers such that 1 < i, j < n. Then we have 
Ic,x = (uij) + (tt). 

2 — Let V = {vm)i<m<n & ^c,x such that Vi is a multiple of vrf, with p > 0. Then we have 

Proof. Let = 1 + maxi<fc<„(gj). For every integer j such that 1 < j < n we have 

(0, . . . , 0, 7Tf,0, . . . , 0) G Oc(C), Hence C (tt). We will show by induction on k that 

^c,x C (uij) + (tt) +X^^. Taking k = N we obtain 1-. 

For k = 1 it is obvious. Suppose that it is true for A; — 1 > L It is enough to prove 
that Ic~x i^ij) + (^) +2^0 X- Let Wi, . . . , G Ic,x- Since the image of Uj^ generates 
Ic,x/(Xcx + (^))' ^6 '^^^ write Wp as 

Wp = XpUij + TT/ip + Up, 

with \p, fip G Cc,x and Up G x- we have 

Wi - ■ ■ Wk-l = XUij + TTyU + I/, 

with A, yU G Oc,x and Up G X^^~^. Since 2k — 2 > k, we have wi - ■ ■ Wk-i G (ujj) + (tt) + X^^^. 
This proves 1-. 

We prove 2- by induction on p. The case p = 1 follows 1-. Suppose that it is true for p — 1 > 1. 
So we can write v as 

V = XUij + TT^^Vi 
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with A,/i G Oc,x- We can write t>j as Vi = arc^. So we have anf = vrf /x,, whence /ij = avTj. 
Hence G Xca-. According to 1- we can write as /i = 6'ujj + vrr, with ^, r G Cc,3;- So 

which proves the result for p. □ 

4.3.6. The ideal sheaves Xcj - Recall that / C {1, ■ ■ ■ , n} is a nonempty subset, distinct from 
{!,••• , n}. For every subset J of {1, ■ ■ ■ , n}, let J"^ = {1, ■ ■ ■ , n}\ J and Oj = Ocj- It follows 
from proposition 14.3.31 that Xcj is a line bundle on Cjc 



From now on, we suppose that S* C C and P = (cf. proposition 3.2.6). 
4.3.7. Theorem: We have Xqj ~ Ojc 

Proof. By induction on n. If n = 2 the result follows from proposition 14.2.11 and the fact that 
5* C C. Suppose that it is true for n — 1 > 2. We will prove that it is true for n by induction 
on the number of elements q of f^. Suppose first that g = 1 and let i be the unique element 
of I^. Then according to proposition I4.3.3[ is generated by (0, . . . , 0, vrf , 0, . . . , 0), so the 
result is true in this case. Suppose that it is true if 1 < q < k < n, and that q = k. Let 
K = {1, ■ ■ ■ , n — 1}. We can assume that I C K. 

According to proposition 14. 3. 3^ we have, for every x E C, Xq^^x — Ojc^.. We have T^^. C Xc^, 
and Xci^ — 0{n}- We have 

I-cJI-Ck = ^Ci,Ck 

(the ideal sheaf of Cj in Ck)- From the first induction hypothesis we have 

^Ci,Ck - 0(iu{n}r- 

So we have an exact sequence of sheaves 

> 0{n} > '^Ci > Oic\^[n} — > 0. 

Now we will compute Ext0^((9/c\{„}, (9{„}). According to [8], 2.3, we have an exact sequence 

^ Extj,^^(0,c\|,}, 0{n}) Extj,^(0,c\|,}, 0{n]) Hom(TorJ,^(Cjc\{„}, 0{n])- 
Since Tor0^((9/c\|„}, Oic) is concentrated on C/c^jn}., we have 

Hom(Tor^^(0,c\{„},0,c),0|,|) = {0}. 

So we have 

Ext0^(C/c\{„,}, = Exto^^(C/c\{„,}, 

Let J denote the ideal sheaf of C{„} in Cjc The ideal sheaf of Cjc^s^n} is generated by 
w = (0, . . . , 0, TT™), with ra = p^. So we have an exact sequence of sheaves on C/c 

J O/c Oic Oic\{n} , 
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where a is the multiphcation by w. By the induction hypothesis there exists a surjective 
morphism C/c — )■ JT", so we get a locally free resolution of Ojc^^n} 

that can be used to compute £xtQ^^{Oj<:\{n}, ^{n})- It follows easily that 
We have Hom(Ojc\{n}, C^{n}) = 0, hence 

^ i/°(Ow/(7r-)) 
^ CK]/(7r-). 

We will now describle the sheaves S such that there exists an exact sequence 

(2) 0{n} — ^ ^ ^ Oic\{n} 0. 

Let u G C[7r„]/(7r™) be associated to this exact seqence, and V G H^{Os) over z/. Let 

T : © O/c 

Then according to the preceding resolution of 0/t:\{n} and the construction of extensions (cf. 
[7], 4.2), we have S ~ coker(r). It is easy to see that if z/ = — 1 then S ~ O^c. If i/ is invertible, 
then we have also S ~ O^c, because the corresponding extension can be obtained from the one 
corresponding to z/ = — 1 by multiplying the left morphism of the exact sequence by u. 

A similar construction can be done for extensions of O/c ^.-modules (for every x E C) 

> 0{n},x > V > Ojc\{n},x > 0. 

These extensions are classified by 0{n},x/ (t^I^), and C/c ^. corresponds to —1. 
Conversely we consider extensions 

^ 0{n},x ^ ^ Ojc^x ^ " Olc\{n},x ^ . 

Using the facts that Hom(C{„} C/c j.) is generated by the multiplication by w and 
Hom(C/c 3., Oic\^n},x) by the restriction morphism, it is easy to see that A, /i are unique up to 
multiplication by an invertible element of O/c j.. Hence the elements of Ext^^^ ^ {Oic\{n},x, 0{n},x) 
corresponding to the preceding extensions are exactly the invertible elements of 0^n},x/{'^l^)- 

It follows that the extensions ([2]) where S is locally free correspond to invertible elements of 
C[7r„]/(7r™), and we have seen that in this case we have £ ~ Ojc Hence we have Xcj — C'/c 
and theorem 14.3.71 is proved. □ 

4.3.8. Corollary : The ideal sheaf of Cj is globally generated by an element uj such that for 
every integer i such that 1 < i <n and i ^ I, the i-th coordinate of uj belongs to H^{Os)- 
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4.4. Properties of the fragmented deformations 
We use the notations of 14.31 

Let i be an integer such that 1 < i < n and Ji = {1, . . . ,n}\{i}. We denote by B the image 
of Oq in YlKjKn^Cj/iT^f)] it is a sheaf of C-algebras on C. Let Bi be the image of Ocj in 
Y[i<j<n j^i^Cj / {''^f)', it is also a sheaf of C-algebras on C. For every point x of C and every 
a = {am)i<m<n in Yli<j<n^Cj,x, we denote by bi{a) its image in Yli<j<ri,j^i^c,,x (obtained 
by forgetting the i-th coordinate of a). 

If p, k are positive integers, with k < n, x ^ C and a G Oc^. x, let [a]p denote the image of a in 

Oc,,xK- 

4.4.1. Proposition: There exists a morphism of sheaves of algebras on C 

such that for every point x of C and all (am)i<m<n,m^j ^ C^Cj-^x, «i ^ C)ci,x, we have 
a = {am)i<m<n € Oc,x if and only if ^i^xik^a)) = [ai]g^. 

Proof Let {am)i<m<n,m^i e Ocj^x- Since Cj^ C C, there exists a, G Cc„x such that 
(am)i<m<n ^ Oc,x- If ^ C^c^s; has the same property, we have 

(0, . . . , 0, — a^, 0, . . . , 0) G Xj-j.. So according to proposition I4.3.3[ we have [a^Jg. = [a'i\qi- 
Hence we have well defined a morphism of algebras dx : Ocj,,x ^ OcjJ{7Ti') sending 
{am)i<m<n,m^i to [ajjg^. If j G Jj, wc havc according to proposition 14.3.31 
9x{0, . . . , 0, 7rJ% 0, . . . , 0) = 0. Hence 9x induces a morphism of algebras Bi^x ^Ci,x/ (^rf )• □ 



The morphism has the following properties: for every point x of C 

(i) For every a = {a,m)i<m<n,mj^i e Bi^x, we have ^i,x{a)\c = am\c for 1 < m < n, m ^ i. 

(ii) We have ^i,x{{T^m)l<rn<n,m=^i) = TTi. 

(iii) Let j, G {1, ■ ■ ■ , n} be such that k are distinct. Let v be the image of Ujk in Bi. 
Then there exists A G C^Ci,x such that <I>j^^(v) = Avrf'^ 

(iv) Let j be an integer such that I < j < n and j ^ i- Let v be the image of Uij in Bi^x- 
Then we have ker($j^2;) = (v). 



4.4.2. Converse - Let C be a glueing of Ci, . . . , Cj_i, Cj+i, . . . , C„ along C, which is a fragmented 
deformation of a primitive multiple curve of multiplicity n — 1. Let {pjk)i<j,k<n,j,k^i be the 
spectrum of C . Let pij, 1 < j < ri, j 7^ z be positive integers, and = 0. For 1 < j < n, let 

(I3 = Pkj- 

l<k<n 

Let Bi be the image of Oc in ni<j<„,jyi CJc^/l^j') and 

a morphism of sheaves of algebras on C satisfying properties (i), (ii), (iii) above. Let A be the 
subsheaf of algebras of A. defined by : ^ = ^ on A^op\C, and for every point x of C, and every 
a = (am)i<m<n. ^ ]XL=i ^c„,.> a E Ax H and only if 6i(a) G and $^,^(6^(0)) = [ai]g^. 
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It is easy to see that A is the structural sheaf of a glueing of Ci,...,C„ along C, which 
is a fragmented deformation of a primitive multiple curve of multiplicity n, and that 

C = -^{l,...,i-l,t+l,...,n}- 

We give now some applications of the preceding construction. 

4.4.3. Corollary : Let N an integer such that N > maxi<j<„(gi). Let x G C, 

/3 G Oci,x X • ■ ■ Oc„,x and u G Oc,x such that u\c 7^ 0. Suppose that [I3u\n G Oc,x/ ij^^)- Then 
we have [I3]n G Oc,x/(7r^). 

Proof. By induction on n. It is obvious if n = 1. Suppose that the lemma is true for n — 1. 
Let / = {1, . . . , n - 1}. So we have [I3\c^x-c^_An e Ocj,x/ (tti, . . . , 7r„_i)^ by the induction 
hypothesis. Let 7 (resp. v) be the image of (3 (resp. u) in To show that [(3]^ G Oc,xlij^^) 
it is enough to verify that 

$n(7) = [/3n],„. 

We have $„(7t;) = [/3„u„]g„ because [/3u]Af G Oc,x/(7r^), and $„(t;) = [M„]g„ because m G Cc,x- 
So we have 

Since M|c 7^ 0, [un]q„ is not a zero divisor in Cc„,x/«"), so we have $^(7) = [Pn]q„- □ 

4.4.4. Corollary : Lei q = maxi<j<„(g.j) and p the number of integers i such that 1 <i <n 
and qi = q. Then we have p > 2. 

Proof. Suppose that qi = q. Then we have vrf~^ 7^ in Cci/(vrf ). Since 

Tii = $i((7rm)i<m<„,m^i), wc havc (7r^"^)i<m<„,m^i 7^ in Bi. So we cannot have < qi for 

all the m i. □ 

Let 2 be an integer such that 1 < i < n, 

It is an ideal sheaf of ni<,<n C'c,/(vrf ) (resp. Ul<J<n,j^^OcJ{^rf) ). Let J = nnB (resp. 
J^i = T-LiC] Bi), which is an ideal sheaf of B (resp. iSj). 

4.4.5. Proposition: There exists a unique A(C) = (Ai, . . . , A„) G P„,(C) snc/i t/iat for every 
^ ~ (^i)i<i<n ^ '"^^ /iflwe vl (z J if and only if XiUi + ■ ■ ■ A„Mn = 0. T/ie Aj are all non zero. 

Proof. We have {'nm)i<m<n,m^i-Ji = 0. Hence ni^i{Ji) = and 

$j(j7i) C (vrf ^^)/(7rJ'). The restriction of J7i — ?■ (^rf ^^)/(7rJ') is a morphism 

(n — l)Oc — !■ 0c of vector bundles on C. The existence of (Ai, . . . , A„) follows from that. 

If Ai = 0, we have (0, . . . , 0, vrf "\ 0, . . . , 0) G Cc(C). This is impossible because according to 
proposition I4.3.3[ (0, . . . , 0, vrf , 0, . . . , 0) generates the ideal sheaf of Cj- in C. □ 
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For all distinct integers i, j such that 1 < i, j < n, let lij = {1, . . . , n}\{i,j}. Then according 
to proposition 14.3.31 uj-.i generates the ideal sheaf of Cj... We have uj..i = {bk)i<k<n, with 
6^ = if A; ^ hi = vrf "^'^ and 

= ( n «™)--r"^- 

l<m<n,mjti,j 

So we have tt^^^'^ui-^i G J7i, which gives the equation 

l<m<.n,m^i,j 

4.4.6. Proposition: For all distinct integers i,j, k such that 1 < i, j, k < n, we have 



Proof. We need only to treat the case n = 3, and the preceding formula by writing that 

Ai Xi^ X2_ 

A3 A2 ■ A3 ' 



= f^.^, using ©. □ 



4.4.7. Proposition: Let (aiTr™^, . . . , a„7r™") G Oc,x, with ai, . . . ,an invertible. Let 
M = mi + ■ ■ ■ + m„. then 

^1 , • • • 5 j ^ '-^C,!- • 

Proof. By induction on n. It is obvious for n = 1. Suppose that it is true for ri — 1 > 1. Let 
/ = {1, . . . , n — 1}. Then (aivr^^^ . . . , an-iT!'^"i^) G Ocj ^- Hence, by the induction hypothesis, 
we have 

1 1 
(--1 , . . . , ^^„_i ) G Oc,^ . 

So there exists 7 G Cc„,:r such that 

U = ( — 7r„„i ,7j G Oc,x ■ 

Multiplying by . . . , anVr^T") we see that (vrf . . . , tt^^S^""" ^ Oc,x- Sub- 

stracting vr*^-'"", we find that (0, . . . , 0, 7a„7r™" - vr*^"™") G Oc,x- There exists a G Cc,x such 
that the ra-th coordinate of a is a„, and a is invertible. It follows that 
V = (0, . . . , 0, 77r;j*" - ^vrf -™") G Oc,x- Now we have 

tt'^-u-v = (lyrf-^^S...,— vrf-'"") G Oc,x • 

□ 



4.4.8. Corollary : Let V G U be open subsets of C, and suppose that U (1 C Let 
a G Oc{V) and (3 G Oa{U) such that I3\v = a. Then (3 G Oc{U). 

(Recall that A. is the initial glueing of Ci, . . . , C„ (cf. 14.1.51) ). 

Proof. This can be proved easily by induction on n, using proposition 14.4.11 □ 
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4.5. Construction of fragmented deformations 
Consider a fragmented deformation 

of C„_i, with n — 1 irreducible components Ci, . . . ,C„_i. Let ^')i<i,i<n be its spectrum. 
For 1 < i < 72, let g|" ^' = We denote by ^' the ideal sheaf of C in C'"""'^^ Let 

l<i<n 

A(C["-il) = (Ai,...,A„_i). 

Let Pin, . . . ,Pn-i,n bc positive integers, qt = ql"' ^' + pin for 1 < i < n, and 

Qn = Pin-\ \-Pn-i,n- Let u G whose image generates ^c^x^^ / ((^0^^^^ + (^))' 

form 

with /3j G 0Ci,x invertible for 1 < i < n. 

Let be the image of Ocin-n in OcJ{nl') x ■ ■ ■ x Cc„-i/«-Y) . We will also denote by 

u the image of u in B^'^~^^. Let Q = / (u) , p : ijl"^^ — > Q the projection and vr^ = p(vr). 

4.5.1. Proposition: We have tt^" = . 

Proof. According to proposition 14.4.71 we have 

?) — ( — 'Tr'^"~P^" ^ ^qn-Pn~l.n\ H , 

^ — KlT^l ' • • • ' T) ) '^Cl^-^x ■ 

Pi Pn-1 

Hence tt''" = vu e (u) in and vr^" = . □ 

4.5.2. Proposition: 1 - W^e /iawe tt^"^"*^ = if and only if 



/3l|C /3n-l|C 

VKe suppose now that + ■ ■ ■ + /""^ 7^ 0. T/ien 

Pl\C Pn-l\C ' 

2 — For every e G iSi" such that e\c 7^ 0, we have 7r^"^^e ^ 

3 — For every rj G Si" ^V(")> '^'^^ eiJery integer k such that I < k < qn, we have ir^rj = if 
and only if rj is a multiple of tt'^~^ . 

4 - i3i""^V(u) a fiat C[7r„]/«")-mo(in/e. 

Proof. We have vr^^^i = if and only if (vrf "\ . . . ,<Ti^) G (u) in Bt~^\ We have, in 
Cci. X ■■■ X Cc„_i,., 

and vr^"^^ = if and only if there exists rj G O^y^-i] ai G Cc^.x? I < i < n, such that 

(7rr\...,<"_-i) = r^u+(ai7rf,...,a„„iC-Y)- 
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This equahty is equivalent to 

1 ["-1] 1 1 1 [i-i] n 1 ["-11 

Pi Pn-1 Pi Pn-1 

["-11 

Since for 1 < i < n, we have (0, . . . , 0, vr^' , 0, . . . 0) G (^^["-ii "^^ have vr^" = if and only 
if 

1 „'"-il 1 1 o'"-'i-l 

iir'^i — ^1 ^ <-^ci"-ii,x- 

Pi Pn-l 

So the result of 1- follows from the definition of A(Cf"^^l) (cf. prop. I4.4.5p . 2- is an easy 
consequence. 

Now we prove 3-, by induction on k. Suppose that it is true for /c = 1, and that vr^r] = 0, with 
2 < k < Qn. We have 7r^~^.7r„?7 = 0, so according to the induction hypothesis, vr^r^ is a multiple 
of 7r,^""^+^ : TTnf] = 7r^""^+^A. So 7r„(?7 — 7r^"~^A) = 0. Since -3 is true for A; = 1, we can write 
V " ^n" ''^ = ^n"""^^) i-e- V = ^^""^('^ + ^n^"^^)) 3- is true for k. 

II remains to prove 3- for k = 1. Suppose that iTni] = (with t] ^ 0). We can write rj as 
T) = 7r™6', where 6 is not a multiple of vr^, and < m < g„. Let 6* G iSl"^^' be over 6*. Since 
Ic = (u) + (vr) according to proposition I4.3.5[ the condition is not a multiple of 7r„" is 
equivalent to ^ ^c,x- We have n'^^^O G (u), so according to 2-, we have m -|- 1 > g„, which 
proves 3- for k = 1. The last assertion is an easy consequence of 3-. □ 



4.5.3. Example : Let be an integer, s G Cc["-ii,x invertible, and k,l integers such that 
1 < k,l < n, k ^ I. Suppose that for every integer i such that 1 < i < n and i ^ k we have 
N > and N > — q]^'^^ + ptk~^^- We take u = u^; — stt^. We have then Pi = a^} 

if i ^ k, and Bh = —s. The condition -|- ■ ■ ■ -|- 7^ is fulfilled if and only if 

' ' ' Pl\C Pn-l\C ' 

E 4- - ^ 0. 



4.5.4. Construction of fragmented deformations - Suppose that -|- ■ ■ ■ -|- 7^ 0. From 

proposition 14.5.21 4-, it is easy to prove that 

- There exists a flat morphism of algebraic varieties r : F — )■ spec(C[7r„]/(7r^")) with 
a canonical isomorphism of sheaves of C[7r„]/(7r^")-algebras Oy — Q, such that 
T~^{*) = C (where * is the closed point of spec(C[7r„]/(7r^"))). 

- There exists a familiy of smooth curves C„ and a fiat morphism 7r„ : C„ — )■ extending 
T (recall that 5 is a germ). Hence Y is the inverse immage of the subscheme of C„ 
corresponding to the ideal sheaf (tt^"). The existence of C„ can be proved using Hilbert 
schemes of curves in projective spaces. Of course C„ need not be unique. 

We obtain a glueing C of Ci, . . . ,C„ by defining the sheaves of algebras Oc (on the Zariski 
topological space corresponding to the initial glueing A) as in 14.4.21 using for the quo- 
tient morphism B^"'~^^ — )■ Q. It is easy to see that 7r~^(P) is a primitive multiple curve C„ of 
multiplicity n extending C„_i, hence C is a fragmented deformation of C,„. 
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4.5.5. Remark: 1 — The multiple curve C„ depends on the choice of the family Cn extending 
the family Y parametrized by spec(C[7r„]/ (vr^")). 

2 — The multiple curve C„_i is completely defined by B^'^^^\ because (vr^^) x ■ • • (tt^^IY) C (tt). 
But it is not enough to know B^"^^^ and u to define C„. In fact we need OcJi'n'i'^^), 1 < i < n. 

4.6. Basic elements 

We use the notations of 14.31 and I4.4[ 

Let m = (mi, . . . , m„) be a n-tuple of positive integers, and 

n- = (7rr)x...x(vrr). 

4.6.1. Definition: Let x e C. An element u of Oq^x is called basic at order m if there exists 
polynomials Pi, . . . , P„ £ ^[^] such that 

u = (Pi(7ri),...,P„(7r„)) (mod. H"^) . 

If u = (Pi(7ri), . . . ,P„(7r„)), we say that u is basic. 

Let q = (gi, . . . , g„). Then according to corollary 14.4.81 if u is basic at order q, then for every 
y & C, we have (Pi(7ri), . . . , P„(7r„)) G Cc,?/- So (Pi(7ri), . . . , P„(7r„)) is defined on a neighbour- 
hood of C. 

4.6.2. Lemma: Let u,v,w & Oc,x such that w = uv and w 0. Suppose that u and w are 
basic at every order. Then v is basic at every order. 

Proof. Let be a positive integer such that ^ and N = (A^, . . . ,N). Suppose that 

w = {Qi{ni), . . . ,Qn{iTn)) (mod. (tt^)), where Qi, Q„ G C[X]. Let m = (mi, . . . , m„) 

be a 77,-tuple of positive integers, and v = (fi)i<i<n- Suppose that 

u = (Pi(7ri),...,P„(7r„)) (mod. H^) 

Then we have 

Qi{ni) = Pi{TXi).Vi (mod. (vrf)) 
for 1 < z < n. We can write Pi{X) as Pi{X) = X"'Pi(X), where Ri{X) e C[X] is such that 
Ri{0) 0. Then Qi{X) is also divisible by X"^ Qi{X) = X'^^SiiX), and we have in : 

Siiiii) = Ri{-Ki).Vi (mod. (vrf )) 

for some integer N' > 0. We can write Ri{X) = ai.{l - X.Ti(X)), with G C*, Ti G C{X). 
We have then 

p=i 

□ 

For 1 < i < n, let U(j) = ((M(j)j)i<j<n be a generator of the ideal sheaf Xc- of Ci in C, such that 
for 1 < j <n, U(^i)j G CfvTj] (cf. corollary I4.3.8p . 
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4.6.3. Proposition: Let v G Oc,x- then v is basic at every order if and only if for every 
n-tuple m of positive integers, there exists an integer q > and Pi, . . . ,Pq G C[X] such that 

i<i<9 

Proof. We use the notations of the proof of lemma H.6.2[ Suppose that v = (fj)i<j<„ is basic 
at every order. Let be a positive integer and N = [N, . . . , N). We will prove by induction 
on g > that we can write v as 

(4) ^ P,(7r).4)+7,uJJ^ (mod. H^) 

o<i<<j 

with Pq, . . . ,Pg E C[X], and 7g G Oc,x- This proves prop osit ion 14 . 6 . 3 1 if q and are big enough. 
For g = 0, we have Vi = P(7rj)(mod 7!'f), for some P G C[X], and we can take Pq = P. Suppose 
that the result is true for q and that we have (jl]). Since v — Pj(7r).u-|^^ is basic at any 

i<i<9 

order, using the same method as in the proof of lemma 14.6.21 we see that is basic at order 
N', where N' = (A^', . . . , A^'), for some integer A^' ^ 0. As in the case g = we have 

7g = ^</+i(7r) + U(i).7g+i (mod H^'), 

with Pg+i eC[X]. Hence 

J2 P,(^).4)+7.+iuJJ^ (mod. n^) 

0<J<9+1 

□ 

4.6.4. Proposition: Let a = (ai, . . . , a„) G Oc,x be such that there exists 

Pi, . . . , Pn-i G C[X] such that, for 1 < i < n — 1, we have ai = Pi{TTi) (mod. {ttI') ). Then 
there exists Pn G C[X] such that an = Pn{TTn) (mod. {tt'^")), i.e. a is a basic element of order 

q 

Proof. By induction on n. The case n = 2 is an easy consequence of proposition 14.2.21 Suppose 
that n > 3 and that the result is true for n — 1. 

By substracting multiples of (0, ... , 0, vrf , 0, . . . , 0) we may assume that for 
l<i<n — 1, OjG CfvTj]. By substracting a regular function on a neighbourhood of C in C, and 
a multiple of {irf^ , 0, . . . , 0) we may also assume that ai = 0. The ideal sheaf of Ci is generated 
by U(i). We can then write a = /3u(i), with (3 = (/3i)i<j<„ G Oc,x- We have 

(^2, . . . ,an-l) = ^2, ■ ■ • ,/3n-l)-(^i(l)2, • • • ,U(l)n-l) , 

hence by lemma ff.6.2[ {(32, ■ ■ ■ , (3n-i) is a basic element at any order. By the induction hypoth- 
esis, there exists Q G C[X] such that /3„ = Q^Tin) (mod. (vr^"^^^")). Since «(!)„ is a multiple 
of TT^i" (from the definition of pin), it follows that «„ = 'U(i)n<5(7T„) (mod. (vr^")). □ 
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4.7. Simple primitive curves and fragmented deformations 

Let Cn be a primitive multiple curve of multiplicity n and associated smooth curve C. Let 
Ic be the ideal sheaf of C in C„. It is obvious from proposition 14.3.51 1-, that if there exists 
a fragmented deformation of Cn, then we have Ic,c„ — Oc„_i, i.e. C„ is simple (cf. 12. 4p . 
Conversely we have 

4.7.1. Theorem: Let Cn be a simple primitive multiple curve of multiplicity n. Then there 
exists a fragmented deformation of Cn- 

Proof. According to theorem 12.4.11 there exists a flat family of smooth projective curves 
T : C — )■ C such that t~^(0) ~ C and that Cn is isomorphic to the n-th infinitesimal neighbour- 
hood of C in C. Let p„ : C — )■ C be the map defined by Pn{z) = z", and 9 = pn o r : C ^ C 
It is a fiat morphism, ^~^(0) = C„, and for every z ^ in the image of r, 6^^{z) is a disjoint 
union of n smooth irreducible curves. We can then apply the process of proposition I3.L3I to 
obtain the desired fragmented deformation: it is C C 

C XcC^-C 

pn 

c — 

□ 

4.7.2. Remark: let (pij) be the spectrum of the fragmented deformation constructed in the 
proof of theorem 14.7.11 Then it is easy to see that pij = 1 for l<i,j<n,i^j. If x G C, then 
(C xc C)^ = Oc,x ®Oc,^ Oc,x, and if t = Jc G Oc,x, we have for 1 < A; < n 

(tti, . . . ,7rA;_i,0,7rfc+i, . . . ,7r„) = -{I ® t - e~ {t ® I)) . 



5. Stars of a curve 

5.1. Definitions 

Let S* be a smooth irreducible curve, and P E S (we can also take for (5*, P) a germ of smooth 
curve). Let n be a positive integer. 

5.1.1. Definition: A n-star (or more simply, a star) of {S,P) is an algebraic variety <S such 
that 

(i) «S is the union of n irreducible components Si, . . . , Sn, with fixed isomorphisms Si ~ S, 
1 < i < n. 

(ii) For 1 < i < j < n, Si n Sj has only one closed point, namely P. 

(iii) There exists a morphism n : S ^ S, which is the identity on each component Si. 
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All the n-stars of {S, P) have the same underlying Zariski topological space S{n) and set of 
closed points. The latter is (IJi<i<n ^i)/ ~' where Si is the set of closed points of Si, and the 
equivalence relation ~ is defined by: for x E Si and y & Sj, x ^ y ii and only iii = j and x = y, 
oi X = P E Si and y = P E Sj. An open subset of S is defined by open subsets Ui of 5*1,. . ., 
Un of Sn, such that for 1 < i < j < 72, we have P EUi'ii and only if P G Uj. 

The initial star «So of {S,P) is defined as follows: for every open subset U of S{n), 
Oso (U) is the set of {ai, . . . ,an) e Os,{U (1 Si) x ■ ■ ■ Os„ {U n Sn) such that if P e U then 
ai(P) = --- = «n(P) . 

For every n-star S of {S,P), there is a unique dominant morphism «So — )■ <S inducing the 
identity on each component. So Os,p is a subring of C^o.^'- 

Note that (iii) is equivalent to 

(iii)' For every a G Os,p, we have (a, . . . , a) G Os,p- 

5.1.2. Definition: An oblate n-star (or more simply, an oblate starj of {S,P) is a n-star <S 
such that some neighbourhood of P in S can be embedded in a smooth surface. 

5.1.3. Proposition: A n-star S is oblate if and only if 7c~^{P) ~ spec(C[X]/(X")). 
(cf. prop. I4.1.6p . 

Let / C {1, . . . , n} be a nonempty subset. Let S^^^ = [Ji^j Si C S. US is oblate then S^^^ 
is oblate too. 



5.2. Properties of oblate stars 

Let S be an oblate n-star of S. Recall that t denotes a generator of the maximal ideal of P in 
S. We will denote this generator on S'j C «S by tj. We will also denote by vr the element ton 
of the maximal ideal of P in «S. Let Ip be the ideal sheaf of P in S. 

We begin with 2-stars: 

5.2.1. Proposition: Suppose that n = 2. Then 

1 — There exists a unique integer p > such that Xp^p / [tt) is generated by the image o/(t^,0). 

2 — The image of {0,t2) is also a generator ofXp^p/{7i). 

3 — (0,^2) (resp. {t^,0)) is a generator of the ideal sheaf of Si (resp. S2) at P. 

4 — Og(2)^p consists of pairs {a,/3) G Os,p x Os,p such that a — f3 E {t^). 

Now suppose that n > 2. Let / = {i,j} C {1, . . . , n}, with i ^ j. Then Si U 5^ C «S is a 2-star 
of S. Hence by proposition 15.2.11 there exists a unique integer pij > such that Ip^p/{7i) (on 
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Si U Sj) is generated by the image of (if" , 0) (and also by the image of (0, t^'^))- Let pu = 0. 
Then the symmetric matrix {Pij)i<i,j<n is called the spectrum of S. 

There exists an element Vij = {i'm)i<m<n such that Vi — and i/j — For every integer 
m such that l<m<n, m i,j, there exists an invertible element pj^^^ E Os,p such that 
iym = f3^ft^. Let/3« = 0, /3if = l. 

5.2.2. Proposition: Let b^™^ = I3^J^\P) e C. Then we have, for all integers i,j,k,m,q such 
that 1 <i, j, k,m,q < n, i ^ j , i ^ k 

uMu(</) _ u(i)u('>^) 

"ik "ij — "ik "ij ■ 

In particular we have b^J*^ = b^-^^bj^^ and bjj^^bj^ = 1. 
For all distinct integers k such that 1 <i,j,k < n, we have 



"ki "ik "ji ■ 



(cf. prop. 4.3.2 and 4.4.6). 



Let p an integer such that 1 < p < n, and (ii, ji), . . . , {ip,jp) p pairs of distinct integers of 
{!,..., n}. Then the image of nm=i ^imjm is a generator of (2|,p + {7r))/{I^p + (tt)). 

Let / C {1, • • ■ , n} be a nonempty subset, distinct from {!,••• , n}. Let i e {1, • • • , n}\I. 
Let 

5.2.3. Proposition: The ideal sheaf of S^^^ in S is generated by v/_j at P. 
(cf. prop. 4.3.3). 

Note that if 7 = {1, • • • , n}\{i} then Vi,i\Sj =0 if j 7^ ^ and Vi,i\Si = with j = ^ p^^-. 

l<j<n 

Let i be an integer such that 1 < i < n and Jj = {1, . . . , Let /Cj be the image of Os in 

ni<i<njyi^5'j/(^i')- We can view /Cj as a C-algebra. For every a = (a^) e C^.p, let A;i(Q;) be 
the image of a in /Cj. 

5.2.4. Proposition: There exists a morphism of algebras 

: /C, ^ Os,J{tf) 

such that for every (Q;m)i<m<n,m^i e Og(^ji) p, ai e Og^^p, we have a = {am)i<m<n e Os,p if 
and only if ^ii{ki{a)) = [ai]^.. 

(cf. prop. 4.4.1). 



The morphism '^^ has the following properties: 
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(i) For every {am)i<m<n,mj^i e 0^ij,) p, we have *j(Q!)(P) = am{P) ior 1 < m < n,m ^ i. 

(ii) We have '^i{{tm)l<m<n,m=^i) = ti. 

(in) Let j, k G {1, ■ ■ ■ ,n} be such that i,j, k are distinct. Let w be the image of Yjk in Bi. 

Then there exists A G C^^- p such that ^t(w) = \t^^'\ 
(iv) Let j be an integer such that I < j < n and j ^ i. Let w be the image of Vjj in K-iX. 

Then we have ker(^'j) = (w). 

5.2.5. Converse - Let be a (n — l)-star of S, with components 5"!, . . . , Sn-i, of spectrum 
(Pjfc)i<i,fc<n-i- Let pnj = Pjn, 1 < J < 71 be positive integers, and Pnn = 0. For 1 < j <n, let 

l<fe<ri 

Let 5'„ be another copy of S. Let /C„ be the image of C^[n-i] in ni<j<n-i ^sjii'j) and 

a morphism of C-algebras satisfying properties (i), (ii), (iii) above. Let /C be the subsheaf 
of algebras of Osq defined by: /C = Os„ on Sq\{P}, and for every a = {am)i<m<n G Oso,p, 
a G /Cp if and only if 'J„(tt') = (where a' is the image of (am)i<m<n-i in A^n)- 

It is easy to see that JC is the structural sheaf of an oblate n-star of S. 

Let n = ni<,<„(^r')/(f ) - and /C be the image of Os in ni<,-<„ C»5,/(f )■ We can 
view as a C-algebra. Let J' = T-L H )C. 

5.2.6. Proposition: There exists a unique X{S) — (Ai, . . . , A„) G Pn(C) such that for every 
u = {uj)i<j<n G 'H, we have u & J' if and only if XiUi + • • • A„w„ = 0. The Aj are all non zero. 

(cf. prop. 4.4.5). 

For all distinct integers i, j such that 1 < i, j < n, we have 

X 11 

•' l<m<n,m^i,j 



5.3. Construction of oblate stars of a curve 

Consider an oblate (n — l)-star of ^[""^l^ with n — 1 irreducible components S*!, . . . , 
copies of S. Let (p|"~^^)i<ij<n be its spectrum. For 1 < i < n, let gj""^^ = ^'Ij"^'- 

l<j<n 

denote by xj^""^' the ideal of P in Ogiu-D p. Let A(5['*-^l) = (Ai, . . . , A„_i). 

Let Pin, ■ ■ ■ ,Pn-i,n be positive integers, Qi — qf +Pin for 1 < i < n, and 

Qn = Pii-\ \-Pn-i,n- Let u G Ipp^^ whose image generates Ip~^^ / {{Ip~^^y + (tt)), of the 

form 

U = (/3it^^", . . . , /3n-ltn-i ''' ), 
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with l3i E p invertible for 1 < i < n. 

Let /C["-il be the image of 0^1^-1] in OsJ{tf) x • • ■ x Os„_J{tl":i) ■ We will also denote by 
u the image of u in A^^""^'. Let Q = A^[""^V(u) ^ P • /C^""^' — )■ Q the projection and t„ = p(vr). 

5.3.1. Proposition: 1 — We have t^" = . 
2 — We have f^'^ = if and only if 

+ ■ ■ ■ + ^ " L = . 



/3i(P) /3„_i(P) 

VKe suppose now that ^g^py + ■ ■ ■ + ^ 7^ 0- ^^en 

3 - For every e G /C^""^' snc/i t/iat e(P) 7^ 0, -we /iave t^""^e ^ (n). 

4 — For every rj G /C["~"'^l/(u), and every integer k such that 1 < k < qn, we have t^rj = if 
and only if rj is a multiple of f^'^ . 

5 - /C["-il/(u) «s a fiat C[tn]/{tl^) -module. 

5.3.2. Construction of stars of a curve - Suppose that „ %s + ■ ■ ■ + ^'^"~/p^ 7^ 0. From propo- 
sition [5l3TT| 5-, it is easy to prove, using |5T23| that there is a unique oblate ra-star «S such that 
«S'"~^^ is the union Ui<i<n-i ^ quotient map /C„ = /C'"~^^ — )■ Q- 



5.4. MORPHISMS OF STARS 

Recall that if «S is an oblate ra-star of S, then we have a canonical inclusion of sheaves of 
algebras (on the underlying topological space S{n) of S) Os C Osq- 

Let «S, S' be oblate n-stars of S, with irreducible components Si, ... , Sn, and / : «S — )■ «S' a 
morphism inducing the identity on all the components. Such a morphism exists if and only if 
S' C «S, and in this case / is unique and is induced by the previous inclusion. Let (pij) (resp. 
ip'ij)) be the spectrum of S (resp. «S'). 

5.4.1. Proposition: We have pij < p\^ for 1 < i, j < n. If f is not the identity morphism 
then there exists i, j such that Pij < p'^j. 

Proof. Let / = {i,j}. Then / induces a morphism S^^^ — )• S'^^\ So we have 0^,ii) p C C^c/) p. 
From proposition 15.2.11 4-, it follows that pij < p'^j. 

Suppose now that Pij = Pij for l<i,j<n. We must prove that S = S', i.e. that 
p = p. This is done by induction on n. For n = 2 it is obvious. Suppose that 

it is true for n — 1. Let / = {1, . . . , n — 1}. Then / induces a morphism : «S*-^^ — > S'^^\ 

It follows from the induction hypothesis that S^^^ = Since the integers qi are the same 

for S and S', the algebras K-n for «S and S' (cf. proposition 15.2.41) are also the same. Now 
let a G Os,p, and let /3 G /C^ be the image of a. Let a' G Os\p be such that its image in /Cn 
is also (3. Then a — a' belongs to the ideal generated by the (0, . . . , 0, , . . . , 0), I < i < n, 
which is included in Os',p. Hence a G Og' p. □ 
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5.4.2. Lemma: Suppose that f is not the identity morphism. Then there exists an ideal 
I C Ogi p and u E Z, V E Os,p such that 

u^v y^O in I ^Os>,p ^s,p 

and uv = 0. 

n n 

Proof. Let qi = ^^Ph, = ^^Ph- According to proposition 15.4. II we can assume 

i=l i=l 

that qi < q'l- Let u be a generator of the ideal of 5*1 in Os' p and I = {u). Let v = (tf-, 0, . . . , 0). 
We have uv = 0. We have to prove that v ^ 0. We need only to find an C^' p-module M 
and a p-bilinear map 

: X (^Os,,p C>s,P M 

such that (j){u ® f ) 7^ 0. We take M = Osi,p/{t''i), which is a quotient of Os'- It is easy to 
verify that 

: ((Aj)i<j<„M, {wi)i<i<n) I ^ XiWi (mod tl^) 

is well defined, bilinear, and that (f){u ® f ) 7^ 0. □ 



5.4.3. Corollary: Suppose that f is not the identity morphism. Let Y be an algebraic variety 
and g : Y S a morphism such that g* : Os,p Oy,p is injective. Then f o g : Y ^ S' 
is not flat. 



Proof. We use the notations of the proof of lemma I5.4.2I We have a commutative diagram 

Os,p ^ Oy,p 

^Y,P 



MS 



Mr 



o. 



S,P 



O 



Y,P 



where Xs{a)=u^a, usiu ® a) = ua^ and Ay,/iy are defined similarly. It follows that 
/xy('U ® g*v) = 0. We will show that u ® g*v 7^ 0, and this will imply that f o g is not flat. Let 

w = {fi, 0, . . . , 0). Then we have X ~ Os'p/ (w), and from the exact sequence of O^' p- modules 
—7- (w) — )• Os\p — )■ X — )• we deduce that ker(Ay) = {w).Oy,p- Suppose that u ® g*v = 0. 
Then g*v is a multiple of vu: g*v = w.a, for some a G Oy,p. But we have w = g*Tr'^'i~'^^v. Hence 
g*v.{l — g*TT^'^~'^^) = 0. Since 1 — g*n'''^^'^^ is invertible, we have g*v = 0, which is false since g* 
is injective. Hence u (g) g*v 7^ 0. □ 
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5.5. Structure of ideals 
Let «S be an oblate n-star of S. 

5.5.1. Proposition: Let I C Os,p be a proper ideal. Then 

1 - There exists a positive integer k such that k < n and a filtration by ideals 

{0} = Xfe+i C Xfe C ■ ■ ■ C Xi = X 

such that, for 1 < i < k there exists a positive integer j such that j < n and an isomorphism 
Xj/Xj+i ~ Osj,p of Os,p-modules. 

2 - // Xj/Xi+i ~ Os^,p, then X^+i C Is^ and li ^ Isy 

Proof. We prove 1- by induction on n. Tlie case = 1 is trivial. Suppose that n > 1 and that 
the result is true for n — 1. Let J7i be the ideal sheaf of S'l C «S, and «S' = 5*2 U ■ ■ ■ U Sn-i C S. 
We can view J7i as an ideal of O^' p. We can suppose that X ^ Cs',p, i.e that some element of 
X has a nonzero first coordinate. Let m be the smallest positive integer such that X contains 
an element u of the form 

u = {t"',a2, . . . ,a„) . 
Then every element f of X can be written as 

V = Xu + v' , 

with A G Os^p and f ' G J7i fl X, and the first coordinate of A is uniquely determined. It 
follows that X/(j7i flX) ~ Osi,p- We can apply the recurrence hypothesis to the ideal J7i flX 
of Os\p and get a filtration of it, from which we deduce the filtration of X. This proves 1- for 
n. 

Now we prove 2-. Let a G Os,p\Isy Let m G Xj be over a generator of Xj/X;+i. Then the 
image of au in Xj/Xj+i is not zero, i.e. au ^Xj+i. Hence a ^Xj+i, and Xj+i <Zlsj- Let 
= (0, . . . , 0, tf , 0, . . . , 0) G Os,p- Then the image of ViU in Xj/Xj+i is not zero, hence u ^ Is^ 
and li ^ Is^ . □ 



5.6. Star associated to a fragmented deformation 

We keep the notations of chapter HI Let > 2 be an integer, vr : C — )■ 5 a fragmented deforma- 
tion of Cn, and Ci, . . . , C„ the irreducible components of C. 

Recall that S{n) is the underlying (Zariski) topological space of any n-star of S. Let C*°^ be 
the underlying topological space of C. We have an obvious continuous map tt : C*°^ — >■ S{n). 
Let An be the sheaf of algebras on S{n) defined by: for every open subset U of S{n), An{U) is 
the algebra of (ai, . . . , G Cc(7r~^(f/)) such that ai G Osi{U fl Si) ioi 1 < i < n. 

According to corollary 14.4.81 for every x E C, An,p is the algebra of (ai, . . . , a;„) G Oc,x such 
that ai G Os,p for 1 < z < n. 

5.6.1. Proposition: The sheaf An is the structural sheaf of an oblate n-star of S. 
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Proof. By induction on n. The case = 1 is obvious. Suppose that n > 1 and that the result 
is true for n — 1. Let C = Ci U • ■ -Cn-i C C, and An-i the corresponding oblate (n — l)-star 
of 5*. Let 

be the morphism of proposition 14.4. 1[ According to proposition I4.6.4[ induces a morphism 

vl/„ : /C„ Os„,p/{C) . 

By the definitions of An and if u = (ai, . . . , a„) G Cs^.p x ■ ■ ■ x Csi,P) then u G A„,p if 
and only if \1'„(m') = f , where u' (resp. f) is the image of u in /C„ (resp. O s„,p / {f^)) ■ The 
result follows then from 15.2751 □ 



We denote by S{C) (or more simply S) the oblate n-star corresponding to so C5(c) = An- 
From the definition of An we get a canonical morphism 

such that IljCj = TTj : Cj — 5*2 for 1 < i < n. 
5.6.2. Theorem: The morphism 11 zs /Zat. 

Proof. We need only to prove that H is flat at any point x of C . Let X C C5,p be a proper 
ideal. We have to show that the canonical morphism of O^^p-modules 

r = Ti : Oc,x ®Os^p ^ — ^ ^c,x 

is injective. According to proposition 15.5.11 there is a filtration by ideals 

{0} = Xfe+i C Xfe C ■ ■ ■ C Xi = X 

such that, for 1 < z < A; there exists a positive integer j such that j < n and an isomorphism 
Xj/Xj+i ~ Osj,p of C^^p-modules. We will prove the injectivity of r by induction on k. 

Recall that for 1 < j < n, X^^ p = Xs-^s,p is a principal ideal, generated by an element Uj which 
is also a generator of Tq^^x =1-Cj,c,x (cf- corollary 14.3.81 and proposition I5.2.3p . and that the 
only zero coordinate of Uj is the j-th. 

Suppose that /c = 1, so X is isomorphic to Os^^p for some j. Let -u be a generator 
of X and w G Oq^x ^Osp I, that can be written as w = v ^ u, v G Oc,x- Suppose that 
t{v ® u) = vu = Since X is annihilated by Isj,p, we have X C ((0, . . . , 0, , 0, . . . , 0)) . Since 
vu = 0, the j-th component of v is zero, i.e. v G Tcj^x- Hence f is a multiple of uj : v = auj. 
We have then 

w = aUj ® u 

= a ® UjU (because Uj G Og p) 
= (because UjU = 0) . 

Hence r is injective. 

Suppose that the result is true for — 1 > 1 and that the filtration of X is of length k. Ac- 
cording to proposition 15. 5. It 1-, we have X/X2 ~ C)sj,p for some j. Let m G X be such that its 
image in X/X2 is a generator, and w G Oc^x ^Os p ^ such that t{w) = 0. We can write w as 
w = a^v + /3^u, with a, f3 & Oc,x and v G X2. Since av + (3u = 0, we have (3u G 0^x^21 
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and Oc,x^2 C. Xq. by proposition I5.5.H 2-, i.e. the j-th coordinate of [3u is zero. By proposi- 
tion [5]5]T1 2-, the j-th coordinate of u does not vanish, hence the j-th coordinate of /3 is zero, 
i.e. /3 G Hence /3 is a multiple of Uj : /3 = 7Uj. We have then 

(3 ®u = '-yUj M = 7 UjU, 

and UjU G I2 (because its image in X/X2 vanishes). It follows that w is the image of an element 
w' of Cc,x p ^2- We have Tx^iw') = 0, hence by the induction hypothesis w' = 0. It follows 
that we have also w = 0. □ 

5.6.3. Remark: If S' is an oblate n-star of S, and if 11' : C — )■ iS' is a flat morphism compatible 
with the projections to S, then we have S' = S{C) and 11' = 11. This is an easy consequence of 
corollary 15.4.31 

5.6.4. Converse - Let tt : 5 — t- be an oblate ra-star of S. Let 11 : C — t- 5 be a flat morphism 
such that for every closed point s G S, 11"^ (s) is a smooth irreducible projective curve. Let 
C = n-\P) and T = TToTl: C^S. Then C„ = r ^ (P) is a primitive multiple curve of 
multiplicity n ans associated smooth curve C, and C is a frangmented deformation of C„. This 
is an easy consequence of proposition 14.1.61 



6. Classification of fragmented deformations of length 2 
Let TT : C — 7- C be a fragmented deformation of length 2. The corresponding double curve C2 



IS TC 



"^(0). Suppose that the spectrum of C is ^ . This means that the infinitesimal 

neighbourhoods of order p of C in Ci and C2 are isomorphic, i.e. we have an isomorphic of 
sheaves of algebras on C 

$:Oc,/K)-^Oc./(vrD , 
and for every point x of C, we have 

Oc,x = {(01,02) e Oc,,x X Oc,,x ; «2 (mod tt^) = $(ai (mod vr^))} . 

Let denote the infinitesimal neighbourhood of order A; of C in Ci, i = 1,2, k > 0. It is a 
primitive multiple curve of multiplicity k and associated smooth curve C, and we have Cf = Cf . 
Hence Cf+^ and Cf+^ appear as extensions of Cf in primitive multiple curves of multiplicity 
p+1. According to [6] and [IQl these extensions are classified by H^{C,Tc) (Tc beeing the 
tangent sheaf on C). More precisely, we say that two such extensions D, D' are isomorphic 
if there exists an isomorphism D c:^ D' leaving Cf invariant. Then if "H is the set of isomor- 
phism classes of such extensions, a bijection A : H^{C,Tc) — )■ "H is defined in [6], such that 
A(0) = Cf+\ 

On the other hand, it follows from [2], [6] that the primitive double curves with associated 
smooth curve C and associated line bundle Oc are classified by P(if^(C, Tc)) U {0} . 

6.0.5. Theorem: The point of ¥{H^{C,Tc)) U {0} corresponding to C2 is C.A-i(Cf"*"^). 
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Proof. According to |6], there exists an open covering {Ui)i^j of C such that for k = 1,2, the 
open subset of C^"*"^ corresponding to Ui is isomorphic to Ui x spec(C[t]/(t^+^)). Here t is 
TTi on Ci and 712 on C2. We obtain then cocycles (6'|j^^)jjg/, where 6'-^'' is an automorphism of 
Uij X spec{C[t]/ (t.P'^^)). We can also suppose that uJc\Ui is trivial, for every i G /. Let dxij = dx 
be a generator of uciUij). Since the ideal sheaf of C in C^'^^ is the trivial sheaf on C^, we 
can write, using the notations of [B], O'^^'^ = (f) (k) , with /ij-J^-* G (9c(t/jj)[t]/(t^) , i.e. for every 
a G OciUi), we have, at the level of regular functions 



V 



m=0 

and 6lj\t) = t . Since Cf = Cf we can suppose that /i-j^ = /i^-^'' (mod t^""*^) . Hence 
"^jj ~ f^if ~ l^if ^ — Oc{Ui). The family (rjj) is (in some sense) a cocycle repre- 

senting A-i(Cf+i) (cf. [6], [10]). 

We have (vT]'^^) + (tt^^^) C (tt) in Oc- Hence C2 = 7r^^(0) is contained in the subscheme Z of 
C corresponding to the ideal sheaf (vr^^^) + (vrf^^). We have 

Oz{U,^) = {(ai,«2) e OcMj)/{t''^') X 0c.(t/.,)/(t^+^) ; $(«! mod t^) = a2 mod t^} 

= {(ai,a2) e Oc(f/.,)M/(t"+') X Oc;(f/.,)M/(t"+') ; «i = ^2 mod fP}. 

To obtain Cc'2(f/ij), we have just to quotient by vr = (t,t), and we obtain 

OcM,) = Oz{U,,)/{t,t) ^ Oc{U,,)[z]/{z') , 

the last isomorphism beeing 

(ao + ctit H h ttp^iF^^ + aF, Qq + ait -\ h ap^it^^^ + /3t^) t-)- ag + (/? - a)-^- 

Now we can explicit the automorphism of Oc{Uij)[z]/ {z"^) induced by 9ij (these isomorphisms 
will define the cocycle corresponding to C2). It is easy to see that this isomorphism is (pn^,!, 
which proves theorem 16.0.51 □ 
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